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We investigate the occurrence of instabilities related to possible transitions to chaos in specific
configurations based on semiconductor lasers. Various scenarios, such as period doubling, frequency
locking, quasiperiodicity, and intermittency, are observed experimentally as functions of the control pa-
rameters. These are, respectively, the current modulation, external light injection, and delayed feedback.
The experimental findings are described and discussed on the basis of semiconductor-laser rate equa-

tions.
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I. INTRODUCTION

Nonlinear dynamics and chaotic behavior have been
studied recently in many systems belonging to different
areas like biology, chemistry, or physics. The interesting
aspect of these studies is the search for universality in the
behavior of nonlinear systems and their transitions to
chaos. Three universal transition routes from regular to
chaotic motion have been observed so far in many
different systems: the period-doubling (Feigenbaum)
route, the intermittency (Pomeau-Manneville) route, and
the quasiperiodic (Ruelle-Takens-Newhouse) route [1,2].

The period-doubling route refers to a successive series
of period-doubling bifurcations that occur while chang-
ing a control parameter [3,4]. A transition to chaos takes
place after an infinite number of doublings follow each
other with a closer spacing. The intermittency route is
characterized by an increasing number of short, irregular
bursts, interrupting the nearly regular (laminar) motion.
While varying a control parameter, the mean distance be-
tween these bursts changes. There are three different
types of intermittency that can be distinguished by the
statistics of the time intervals between the bursts. Type-I
intermittency is associated with an inverse tangent bifur-
cation, type IT with a Hopf bifurcation, and type III with
a period-doubling bifurcation [2]. The quasiperiodic
route corresponds to a series of Hopf bifurcations gen-
erating a new eigenfrequency each time one changes a
control parameter [5]. The first Hopf bifurcation gen-
erates a limit cycle (periodic motion) in phase space em-
erging from a fixed-point (constant) solution. After the
second Hopf bifurcation the motion of the system in
phase space takes place on a two-dimensional torus al-
lowing periodic as well as quasiperiodic behavior. The
third Hopf bifurcation finally gives rise to the occurrence
of deterministic chaos.

Nonlinear dynamics and chaotic behavior in laser sys-
tems have been investigated since the late 1970s [6]. All
three universal transitions to chaos have been found in
some gas laser systems, with the control parameters being
pressure, wavelength tuning, and discharge current [7].
In contrast to these gas lasers, a solitary single-mode
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semiconductor laser cannot show chaotic behavior be-
cause it is fully described by two independent quantities
only: the electric field and the carrier density. Therefore,
semiconductor lasers can only show coupled light-carrier
density oscillations, the relaxation oscillations. However,
adding an additional degree of freedom allows the oc-
currence of chaotic instabilities. There are several possi-
bilities to generate such additional degrees of freedom [8].
Some of them are mentioned in the present paper and
three of them, also relevant for practical applications,
will be discussed in detail.

This paper is structured as follows. In Sec. II we dis-
cuss the semiconductor-laser rate equations with respect
to the possibilities of observing chaotic scenarios. The
corresponding experimental setups are described in Sec.
III. In Sec. IV we report frequency locking in terms of
the Farey tree and the observation of the devil’s staircase
in a system consisting of an antireflection-coated semi-
conductor laser in an external resonator configuration
with additional current modulation. Beginning with the
recently published [9] observation of the devil’s staircase
in this system, we present here a detailed investigation of
the Arnold tongues as a function of the modulation
current. In Sec. V, the behavior of a semiconductor laser
under external light injection is numerically simulated.
In particular, the specific properties of semiconductor
lasers are discussed with respect to the possibility of ob-
serving transitions to chaos. The theoretical predictions
are compared to experimental observations. In Sec. VI,
we report an intermittent transition between regular and
irregular emission behavior in the coherence collapse of a
semiconductor laser with delayed feedback. Recently
published [10] experimental observations are confirmed
by the comparison with numerical simulations. Section
VII, finally, will summarize our present results and give
some conclusions.

II. THEORETICAL BACKGROUND
The semiconductor-laser rate equations for a single-

mode laser, as obtained in a semiclassical description by
combining Schrodinger’s equation with Maxwell’s equa-
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tions, read [11]

46 iogtyg)6—igP 2.1)
dt
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where the quantities have the following meanings: & is
electric field strength, P the macroscopic polarization, N
the inversion density, @y the oscillation frequency of the
electric field strength, y; the photon decay rate, wp the
oscillation frequency of the macroscopic polarization, ¥ p
the polarization decay rate, g the optical gain coefficient,
and 7y y the inversion decay rate. Different types of lasers
can be classified according to the values of the damping
constants Y g, ¥p, ¥y [12]. For class C lasers (e.g., far-
infrared lasers) all three damping constants are of equal
magnitude, and the laser has to be described by the full
set of equations. As shown first by Haken [13], chaos can
be expected for this type of laser analogous to the case
discussed by Lorenz in the context of atmospheric tur-
bulence [14]. In the case of class B lasers [12] (ruby,
Nd:YAG, CO, and semiconductor lasers), the damping
constant of the polarization yp is at least one order of
magnitude larger than the other two damping constants
v and vy, which are comparable to each other. There-
fore the polarization P can be eliminated adiabatically
[15], and the system is fully described by the rate equa-
tions for the electric field & and the carrier density N,

i’fﬂiww)ﬂ[mm—u]}é : 2.4)

where o(N) and G(N) are functions of the microscopic
constants wg, ®p, ¥ p, and g. Furthermore, we have set
[z =2yg. Class B lasers can only show coupled electric
field—carrier density oscillations, the relaxation oscilla-
tions. Finally, in class A lasers (He-Ne, Ar™, and dye
lasers), the inversion N can be eliminated adiabatically as
well, because the damping constant yy is considerably
larger than y . Therefore, these systems have a fixed-
point solution only.

Now, we want to continue with the semiconductor
laser as an example of a class B laser. With respect to the
investigation of laser instabilities and chaos, it is of great
advantage that in particular the optical properties of soli-
tary semiconductor-laser diodes have been investigated in
great detail during recent years and are fairly well under-
stood and described [16]. As already mentioned, the rate
equations of the semiconductor laser predict stable be-
havior, and we have to add at least one additional degree
of freedom to allow the occurrence of output instabilities
and chaos. There are several possibilities to accomplish
this.

The easiest one is to modulate the injection current
periodically with a modulation frequency @go. The
pumping term J in Eq. (2.5) then has to be replaced by
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J g TJccos@(t), where @(t) is defined by

de _

E =0 - (2.6)
The rate equations (2.4) and (2.5) now read
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An analysis of these equations shows that for modulation
frequencies w4 above the relaxation oscillation frequen-
cy of a solitary laser diode, period doubling takes place.
With further increase of the modulation frequency w4 a
period-doubling route to chaos is predicted [17,18]. In
Sec. IV investigations of the external-cavity semiconduc-
tor laser with modulation frequencies comparable to the
inverse resonator round-trip time will be discussed.

A second possibility to add an additional degree of
freedom is to inject coherent light of frequency wy+ Aw,
with Aw typically some GHz. An additional electric field
term &,(¢) then has to be added to the right-hand side of
Eq. (2.4) to describe this configuration [19],

6,(t)=kEexpli(wytAw)t] . (2.9
The modified rate equations (2.4) and (2.5) are now

‘fi—f={ico(NH—%[G(N)—l“E]}G(t)—l—é’l(t), (2.10)

igti=J—yNN—G(N)|6°|2 . (2.11)

Analysis of these rate equations shows [20] that with in-
creasing difference frequency Aw up to the relaxation os-
cillation frequency several period-doubling sequences and
a transition to chaos will take place.

Finally, we want to discuss the coupled-cavity
configuration, which also shows intrinsically unstable re-
gimes. This configuration actually is of great practical
relevance since coupled cavities are frequently employed,
e.g., for linewidth reduction of semiconductor lasers.
Furthermore, spurious feedback, as it occurs when cou-
pling a laser diode to a fiber or in audio disc systems, cor-
responds also to the situation considered here. The
coupled-cavity configuration can be considered as a de-
layed feedback of laser emission, back into the active re-
gion of the laser. Therefore in Eq. (2.4) a term &(¢)
describing the light that is coupled back into the laser has
to be added. In this case &,(¢) is a function of the laser
light &(¢) delayed by the time 7 corresponding to the
round-trip time in the external resonator [21],

6(t)=k6E(t—T) . (2.12)

From a mathematical point of view the system now be-
comes infinite dimensional due to the time delay 7 in the
external resonator. Formally, a description by the rate
equation system (2.10) and (2.11) is still valid; however,
the different meaning of &,(¢) given by Eq. (2.12) has to
be considered. In principle, there are two possibilities to
observe characteristic instabilities and deterministic



45 INTENSITY INSTABILITIES OF SEMICONDUCTOR LASERS. ..

chaos. The first is to increase the intensity of the feed-
back light of the external resonator, i.e., the coupling of
the external resonator to the laser diode. In this case a
quasiperiodic transition route to chaos occurs [22,23].
The second possibility that we want to discuss in this pa-
per is to keep the feedback rate at a high level and to in-
crease the injection current. Then an intermittency route
to chaos takes place [10].

In the following, we want to present the mathematical
formalism to work with the rate equation system (2.10)
and (2.4). First, we split the electric field into amplitude
and phase using the following ansatz:

E(t)=E(t)expliwgt +ig(1)] . (2.13)

We then obtain a rate equation for the amplitude E(¢)
and phase ¢(t) of the electric field &(¢). Furthermore, we
linearize the gain function G (N) and the eigenfrequency
o(N) around the transparency value N;p of the carrier
density of the free-running semiconductor laser and con-
sider the saturation of the gain function G(N) at high
light intensities:

G(N)=Gy(N—N;p)=GyAN , (2.14)
QJ(N):a)O+CON(N_NLD):(DO"‘%QGNAN s (2.15)
with
DN
=—2— 2.16
a Gy ( )

The linewidth enhancement parameter a [24] describes
the coupling between the optical gain function and the re-
fractive index of the laser material. The change in refrac-
tive index directly causes a change of the eigenfrequency
of the semiconductor laser. More generally, the a param-
eter can be expressed by the nonlinear susceptibility [25]
of the semiconductor-laser material,

__ d[Rey(N)]/dN
= d[Imy(N)]/dN ’ @.17)

where the real part of the nonlinear susceptibility
Re[x(N)] is proportional to the refractive index and the
imaginary part Im[x(N)] is proportional to the optical
gain function G(N).

The gain saturation parameter € accounts for the satu-
ration of the optical gain function at high light intensi-
ties. The ansatz

GNO

Gy=Gy(|[E®)|)=—"T"—
y=GyUE@®)]?) 1T elEQ)?

(2.18)

describes phenomenologically the experimentally ob-
served saturation [26] of the differential gain G (|E(?)|?).
If the light intensity dependence of the refractive index is
ignored, this results in an intensity-dependent a parame-
ter [27],
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With these definitions (2.18) and (2.19) for a and € and
the linearized equations (2.14) and (2.15), we obtain the
following expressions for G(N) and w(N):

GrnoAN
GIN)=——F7"—, (2.20)
1+€lE@)|?
a)(N):wo_%aoGNoAN . (2.21)

Substituting Eqs. (2.13), (2.20), and (2.21) into Egs. (2.10)
and (2.11), we obtain three coupled rate equations
describing the amplitude E(¢) and phase ¢(¢) of the elec-
tric field and the carrier density N (),

dE 1 GynoAN
— == |——-T; |E(¢
dt 2 |1+elEm)? E )
+E | (t)cosA(2) , (2.22)
dé __, B E(¢)
a1 LagGroAN(t) 20 sinA,(2) , (2.23)
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In the injection case, E(¢) and A,(z) have the following
meanings:

E\(1)=kE;; , (2.25)
A()=(Aw)t +¢(1) . (2.26)
In the feedback case, E(t) and A,(¢) are given by
E,(t)=kE(t—T1), (2.27)
A()=wgr+¢(t)—P(t—7) . (2.28)

We now describe the corresponding experimental set-
ups before we discuss the experimental findings in Secs.
IV, V, and VI in detail.

III. EXPERIMENTAL SETUP

For all experiments we used temperature-stabilized
GaAs/Ga,_, Al _As channeled substrate planar (CSP)
semiconductor-laser diodes (Hitachi HLP1400, emitting
in the spectral regime of 830 nm) in three different experi-
mental setups that are depicted schematically in Fig. 1.

In the configuration corresponding to the setup of Sec.
IV, we use an external cavity configuration [Fig. 1(a)].
The laser diode is single-facet antireflection- (AR) coated
(R <0.001), and the external cavity consists of a col-
limating microscope objective and a high-reflecting
dielectric mirror (R >0.98). The injection current driv-
ing the laser diode consists of a modulation current at a
frequency f,.q superimposed onto the dc current.

For the experiments discussed in Sec. V, we use a dc-
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FIG. 1. Sketch of three model systems for the investigations
of instabilities in semiconductor lasers: (a) the semiconductor
laser with current modulation, (b) the semiconductor laser with
external light injection, (c) the semiconductor laser with delayed
feedback.

driven, uncoated semiconductor laser (pump laser), where
the light of a second semiconductor laser (probe laser) is
focused into the active region of the pump laser [Fig.
1(b)]. The two lasers are separated optically from each
other using a Faraday rotator.

In the experimental configuration corresponding to
Sec. VI, we use a coupled-cavity configuration that is
similar to the setup of Sec. IV [Fig. l(c)]. However,
different from the configuration of Sec. IV, the laser

1.0m Czerny- 'f(,}

Turner
Spectrometer] IPMT

Isolator

OMA

Plane Fabry Perot

> BN

\

Oscillo-| |[Power-| |Spectrum| |Transient
scope | |meter || Analyzer Digitizer

FIG. 2. Detection part of the experimental setup. The laser
diode (LD) represents three types of experiments depicted in
Figs. 1(a)-1(c). (PMT photomultiplier, OMA optical mul-
tichannel analyzer, APD avalanche photodiode, and PIN p-i-n
photodiode.)
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diode is dc driven, and the laser facets remain uncoated.

Figure 2 depicts the detection part of the experiment
setup. The laser diode (LD) represents the three types of
experiments shown in Fig. 1. The emitted light emerging
from the laser diode is analyzed in the time, frequency,
and spectral domain with respect to instabilities in the
three types of experiments. The optical spectrum of the
laser diode is measured using a 1-m Czerny-Turner grat-
ing monochromator and a scanning plane Fabry-Pérot in-
terferometer. The time-averaged laser light intensity is
measured by a slow p-i-n diode. The fluctuations of the
laser intensity are detected employing a fast avalanche
photodiode (APD, rise time <100 ps). Its electrical sig-
nal is amplified and then analyzed in the frequency and
time domain using a rf spectrum analyzer and a transient
digitizer (bandwidth = 600 MHz), respectively.

IV. THE SEMICONDUCTOR LASER WITH
MODULATION OF THE INJECTION CURRENT

In this section we report on the emission behavior of a
current modulated semiconductor laser. In the case of
current modulation two cases can be distinguished: (1)
The modulation frequency is of the same order or higher
than the relaxation oscillation frequency. Then a period-
doubling route to chaos is predicted on the basis of the
rate equations [17]. (2) The modulation frequency is ei-
ther of the order of the round-trip frequency of the laser
photons within the resonator or amounts to a rational
fraction p /q of the round-trip frequency. In this case fre-
quency locking following the hierarchy of the Farey tree
and quasiperiodicity is expected and has been observed
[28], as will be discussed. For practical reasons the ex-
periments are performed with an external cavity of length
L; to avoid coupled-cavity effects (see Sec. VI), one facet
of the semiconductor laser has been antireflection coated
with high quality. The experimental setup is depicted
schematically in Fig. 1(a) and fully described in Sec. III.
This system is characterized by two frequencies: the
modulation frequency f .4 and the inverse external reso-
nator round-trip time f . =c/2L. It should be noted
that this configuration with f 4/ f s =P /9 =1, i.e., the
modulation frequency corresponds exactly to the round-
trip frequency, is commonly employed for short optical
pulse generation with semiconductor lasers (active or syn-
chronous mode locking), resulting in the generation of a
periodic pulse train with pulse widths in the 10 ps range.

Large detuning of one of the frequencies with respect
to the other corresponds to trajectories in phase space ly-
ing on a two-dimensional torus. On such a two-
dimensional torus there are two possibilities for the ad-
justment of the frequencies. They can be held at a ration-
al ratio f,.q/f s =pP/q which gives a closed curve on
the torus, or the ratio can be an irrational value resulting
in a never-closing (never-repeating) trajectory.

These two possibilities can be clearly observed experi-
mentally using the time-resolved detection system con-
sisting of the APD and the transient digitizer of Fig. 2.
Experimental results are shown in Figs. 3(a) and 3(b) for
two typical cases. In the first case (f 0/ fres=%) the
pulse train repeats after five pulses with different sizes
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FIG. 3. (a) Frequency-locked output of the external cavity
laser with modulation when the frequency ratio is chosen to be
Smoa/fres=%. (b) Quasiperiodic output of the modulated exter-
nal cavity laser when the frequency ratio is set to the golden-
mean value 0,=0.61803. .. .

[Fig. 3(a)], while for f,q/f=0.61803... , which is
close to the golden mean (\/ﬁ*l)/2 no perlodlclty in
the light output could be found [Fig. 3(b)]. This behavior
(termed frequency locking in nonlinear dynamics [29]) is
modeled by a very simple one-dimensional map, the stan-
dard circle map

=f(6,) 4.1

0,1 =0, +Q——2I%sin2ﬂ'9,, ,
which is the discrete version of the Adler equation de-
rived for the frequency locking of oscillations [30] and
mode-locked lasers [31,28].

This map predicts frequency locking at every rational
number Q=p /q (corresponding to our frequency ratio),
ordered according to the hierarchy of a Farey tree with a
locking range of finite width. The light output is quasi-
periodic for Q between these locked states. The widths of
the locking ranges increase with increasing nonlinearity
K until, at K =1, complete frequency locking is achieved.
Then all the locking ranges plotted against the frequency
range form a complete devil’s staircase with a dimension
of 0.87. For larger K, chaos becomes possible. The
frequency-locking behavior can also be calculated from
the rate equations (2.6)—(2.8), as has been shown in Refs.
[32] and [33].

The predictions according to the one-dimensional cir-
cle map have been checked for the present system [9].
Frequency locking has been observed down to very low
levels in the Farey tree. The observed ratios are shown in
Fig. 4. The corresponding locking ranges are plotted
against the modulation frequency in Fig. 5. The resulting
staircase (the upper curve in Fig. 5) is in very close accor-
dance with the one calculated according to Eq. (4.1) [S].

The evaluation of the fractal dimension following Ref.
[34] yields D =0.89, which is very close to the value of
D =0.87, supporting the hypothesis that the modulated
semiconductor laser with an external resonator belongs to
the universal class of systems exhibiting the quasiperiodic
route to chaos. In addition, we have plotted in Fig. 5 the
averaged power of the optically emitted pulse trains
(lower curve in Fig. 5). We observe a more or less pro-
nounced peak whenever a frequency-locked state occurs.
This indicates that the frequency-locked states exhibit
some resonance behavior with regard to the output

power. Yet, compared to the fundamental locking at
p/q=1, the other resonances for p/q <1 are much
weaker.

As already mentioned, the quasiperiodic and
frequency-locked behavior is predicted by Eq. (4.1).
However, this mathematical map does not predict under
which circumstances chaos will definitely be observed.
Most probably, a transition to chaos takes place by in-
creasing K at the golden mean winding number. For our
system it seems reasonable to relate the modulation am-

Frequency Ratio fmod/fres
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FIG. 5. Ratio of the response frequency to the driving modu-
lation frequency (winding number; left scale, upper curve) and
averaged output power (right scale, lower curve) as a function of
the modulation frequency. The modulation amplitude was kept
constant and the resonator frequency f. amounted to 100
MHz.
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plitude of the driving current to the nonlinearity parame-
ter K. Experimentally, however, we observe for the
modulated semiconductor laser a transition from a quasi-
periodic output to gain switching as the modulation am-
plitude J . is increased. In the gain-switching regime, the
laser diode is switched on and off by the large modulation
current, and the feedback of the resonator does not affect
the behavior at all. This is due to the fact that the
antireflection coating is not perfect, and thus for high-
modulation amplitudes lasing occurs within the solitary
laser diode. The different regimes of operation are shown
in Fig. 6. The shaded areas are the frequency-locked
states [such as Fig. 3(a)] with respect to the modulation
power. The unshaded region in between refers to quasi-
periodic output of light intensity [Fig. 3(b)]. On the bot-
tom of the graph these regimes are limited by cw opera-
tion for the case, where the modulation is too weak to
have a strong influence on the output behavior. On the
top of the graph the cross-shaded region represents the
regime of gain switching. The delayed feedback by the
external resonator mirror then acts only as a small distur-
bance to the solitary laser diode which is switched on and
off. In that case the external resonator round-trip fre-
quency is suppressed instead of creating chaotic output
by nonlinear competition between the two frequencies.

It should be noted that the actual form of the
frequency-locked states with the modulation amplitude as
a control parameter does not correspond to the behavior
predicted by Eq. (4.1). Instead of observing the typical
Arnold tongues with an overlap at K =1 and a possible
transition to chaos, we find a decrease of the width of the
Arnold tongues and a transition to a new, different or-
dered state as the modulation amplitude is raised. Even
though this behavior may be attributed to the nonperfect
antireflection coating of the laser facet, it might be of

gain switched

-25-

quasiperiodic

9

-304>
Pmod )
(dBm)}

-354

|07 =T s
|0 ==cTTIITTS
O]~ <>

45

50

FIG. 6. Experimentally determined operation regimes (gain
switching, quasiperiodicity, frequency locking, and cw opera-
tion) of the modulated external cavity semiconductor laser as a
function of the modulation frequency and rf modulation power.
The shaded areas are the frequency-locked states (in nonlinear
dynamics referred to as the Arnold tongues). The space in be-
tween corresponds to quasiperiodic emission behavior. For
small values of modulation power the laser operates in a cw
mode (bottom), whereas for the case of high modulation ampli-
tude (top, cross-shaded area) the laser operates in a gain-
switched mode. In all cases f ., is equal to 100 MHz.

principle interest that the modulated semiconductor laser
within a certain regime of the modulation amplitude can
be described according to the one-dimensional circle
map; whereas for other regimes this description obviously
fails.

V. THE SEMICONDUCTOR LASER
WITH AN INJECTED SIGNAL

In this section we present results of the irregular emis-
sion behavior of a semiconductor laser with injected
coherent light. The experimental setup is depicted in Fig.
1(b) and described in Sec. III. The injection of coherent
light into a semiconductor laser is commonly referred to
as four-wave-mixing (FWM) [35] or injection locking
[36], depending on the experimental conditions [37].
FWM means the generation of new sideband frequencies
due to the third-order nonlinear susceptibility x'*’, which
is very efficient in semiconductor lasers [38]. Injection
locking refers to a complete phase locking between the
laser light and the injected light [36]. For small detuning
frequencies between the laser light frequency and the fre-
quency of the injected light, injection locking appears,
whereas for large detunings FWM is observed [37]. Both
processes reflect possible solutions of the rate equations
[Egs. (2.22)-(2.24) together with (2.25) and (2.26)].
Furthermore, on the basis of these rate equations, it can
be concluded that the semiconductor laser with external
coherent light injection should exhibit chaotic behavior,
in principle. In the following, we present numerical
simulations of the differential equation system and
characterize these results by different methods with
respect to possible chaotic emission behavior in the inter-
mediate regime between the locking range and the region
where FWM appears. Furthermore, we demonstrate the
important influence of the linewidth enhancement param-
eter a and the gain saturation parameter € on the dynam-
ical behavior of this system. Then we report some pre-
liminary experimental results indicating that chaotic in-
stabilities via a period-doubling route in fact may occur
in this intermediate regime.

Equations (2.22)-(2.24) together with (2.25) and (2.26)
have been integrated numerically, and subsequently the
time-dependent complex electric field & has been Fourier
transformed. Figure 7 shows the resulting intensity spec-
tra for different detuning frequencies Aw between the
original laser field 6, and the injected field &;,; assuming
E.= %E, for the ratio of the field amplitudes. In Fig.
7(a) a typical spectrum with relaxation oscillations and
multiples is depicted. The relaxation oscillations become
enhanced due to the injected light. A decrease in the de-
tuning Aw results in the occurrence of new frequencies at
a half-spacing [Fig. 7(b)]. A further decrease in Aw re-
sults in the occurrence of additional frequencies [Fig.
7(c)], and the spectrum broadens considerably, until a
broad noise spectrum is observed [Figs. 7(d) and 7(e)]
(note that the FWM regime is not depicted in this figure).
It is worth pointing out that this behavior occurs without
inclusion of noise sources in the rate equations. It seems
that the system under the conditions corresponding to
Figs. 7(d) and 7(e) has become chaotic; however, this has
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to be analyzed and proven, quantitatively. A definite
conclusion is not possible on the basis of the frequency
spectrum only. We therefore have performed in addition
a phase-space analysis in order to distinguish between
periodic, quasiperiodic, and chaotic motion [2]. This
analysis can be performed by investigations of two-
dimensional projections (Poincaré cuts) of the three-
dimensional phase space, which is spanned by the inver-
sion and either modulus and phase or real and imaginary
parts of the field. Instead of investigating the complete
three-dimensional trajectory, only the intersection points
of the trajectory, common with an arbitrarily two-
dimensional plane in phase space, are chosen. This mani-
fold of points contains the same topological properties as
the original phase space. Finally, this procedure is fol-
lowed by a subsequent dimensional analysis. A typical
Poincaré plot is shown in Fig. 8, where we have plotted
the real and imaginary parts of the complex electric field
& for the plane defined by the transparency value Ny of
the carrier concentration. The picture consists of 35000
data points. A periodic or quasiperiodic as well as a
white-noise-determined behavior can be excluded
definitely on the basis of this figure. Quasiperiodic behav-
ior would show up as a repetitive cycle after one round-
trip time, while in contrast white noise would correspond
to a continuous distribution of the points. Instead, struc-
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FIG. 7. Simulated spectra for five different detuning frequen-
cies Aw: (a) Aw=-—2.0 GHz, (b) Aw=—1.5 GHz, (c¢)
Aw=—1.0 GHz, (d) Aw=—0.5 GHz, and (¢) Aw=0.0 GHz.
The frequency at +2.3 GHz (a) corresponds to the relaxation
oscillations of the laser.
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FIG. 8. Poincaré plot constructed from the simulated data as
depicted in Fig. 7(e). Plotted are the intersection points of the
trajectories for the plane of the complex electric field & defined
by the transparency value Ny, of the carrier density.

tures typical for the occurrence of chaos are obvious: Re-
gions that are frequently occupied are well separated by
pronounced windows, reflecting the fractal dimension of
the phase-space trajectory [39]. Finally, the dimensional
analysis allows quantitative proof [1]. The dimension of a
quasiperiodic trajectory is equal to the number of incom-
mensurate frequencies, i.e., a natural number. A chaotic
movement is distinguished by a rational dimension, larger
than two. From an analysis of the simulated data of Fig.
8 values for the information and correlation dimension
[1,40,41] of D, =2.91 and D, =2.66 are obtained, respec-
tively. These dimensions are rational numbers and a
quasiperiodic and white-noise-dominated behavior can
thus be definitely excluded.

Consequently, chaos should be initiated by light injec-
tion into the cavity of a semiconductor laser. The
remaining questions concern the respective scenario by
which the transition occurs and the identification of the
relevant control parameters. To answer these questions,
bifurcation diagrams have been constructed from the
time series of the electric field amplitude E. Figure 9
shows bifurcation diagrams with the detuning frequency
Aw [9(a)] and the injected electric field amplitude E
[9(b)] as the control parameter. E,, depicts the values
of the maxima of the electric field amplitude E occurring
in the respective time trace. The unit cm™3/? of the elec-
tric field amplitude originates from the condition that the
absolute square of the electric field strength |62 is equal
to the photon density in the active region of the laser
diode. The figure shows several period-doubling cascades
separated by chaotic regimes. In addition, the bifurca-
tion diagram shows an abrupt steplike behavior, e.g, for
Aw=1.7 GHz in Fig. 9(a). This is consistent with a
change in the value of the attractor. These sudden
changes represent a so-called crisis of the attractor, ac-
cording to Greborgi, Ott, and Yorke [42]. Crisis-induced
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chaos can be understood as due to a collision of the
chaotic attractor with a coexisting unstable fixed point,
also present in the bifurcation diagram. Thus we con-
clude that the electric field amplitude E;,; as well as the
detuning frequency Aw can serve as a control parameter,
and in both cases a period-doubling route to chaos is ex-
pected.

Before we report some preliminary experimental re-
sults, we want to discuss the influence of the specific
semiconductor-laser properties that are reflected in high
values for the linewidth enhancement parameter a and
the gain saturation parameter €. Figure 10 illustrates the
important influence of the a parameter. The pumping
term J is slightly different than in Fig. 8, otherwise the
parameters are the same. We have plotted the maxima of
the light intensity occurring in the respective time trace
for values of a between a=0 [Fig. 10(a)] and a=3 [Fig.
10(d)] in steps of 1. The realistic value of a=4 [25] is ac-
tually depicted in Fig. 11(a), where the influence of the €
parameter is discussed. For a=0, the bifurcation dia-
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FIG. 9. Bifurcation diagrams with detuning frequency Aw
[(a) upper part] and the injected field amplitude E;,; [(b) lower
part] as the control parameter, respectively. Plotted are the
maxima of the electric field amplitude E occurring in the
respective time trace. The locking range is indicated by inj.
The values of a and € are a=4, e=0 cm®.
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gram is symmetric with respect to zero detuning, and
chaotic behavior is suppressed [Fig. 10(a)]. For an in-
creasing a parameter [Figs. 10(a)-10(d)] the bifurcation
diagram becomes asymmetric; the width of the locking
regime becomes smaller and is shifted to negative fre-
quencies. The shift of the locking range can be attributed
to the induced change of the carrier density, which
causes a change of the refractive index and finally results
in a shift of the eigenfrequency w(N) of the laser diode.
This explains the strange behavior at first view that the
chaotic emission behavior appears for zero detuning fre-
quency. Furthermore, we have to note that the oc-
currence of chaos and instabilities is favored by a large
value of the a parameter, which actually is the case for
semiconductor lasers in contrast to other laser systems.
Next we discuss the influence of the gain saturation pa-
rameter € on the nonlinear dynamics of the laser emis-
sion. In Fig. 11 we have plotted a series of bifurcation di-
agrams for different € values. We have increased the
value for € from €=0 cm?® [Fig. 11(a)] up to realistic
values [43] between e=5X10"" cm? [Fig. 11(c)] and
€=1X10"1" cm® [Fig. 11(d)]. The calculated results
show that an increase of € tends to suppress the oc-
currence of instabilities. At high values of € the width of
the locking range increases, and the chaotic emission be-
havior is shifted to higher values of the amplitude of the
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FIG. 10. Bifurcation diagrams with detuning frequency Aw
(left column, E;,;=5X10° cm™>/?) and the injected field ampli-
tude E;,; (right column, Aw=0.0 GHz) as the control parame-
ter, respectively. Plotted are the maxima of the light intensity
occurring in the respective time trace. The locking range is in-
dicated by inj. This figure demonstrates the influence of the a
parameter [(a) a=0; (b) a=1; (c) a=2; (d) a=3]. The value of
€is e=0cm’.
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injected light. Obviously, the effect of a and € is oppo-
site. Whereas increasing a tends to favor the occurrence
of instabilities and chaos, increasing € causes a damping
of the system [18].

Experimentally, we have recently obtained an indica-
tion for the occurrence of instabilities via a period-
doubling route. Figure 12 depicts an experimentally
determined series of Fabry-Pérot spectra for four
different values of the detuning frequency between the
pump laser LD, and the probe laser LD,. Plotted is the
output density spectrum for different injection currents of
one of the laser diodes, which corresponds to different de-
tunings, since the emission frequency shifts with injection
current. The free spectral range (FSR) in each part of
Fig. 12 amounts to 30 GHz. In order to tune the emis-
sion frequency of the probe laser LD,, we have changed
its injection current I,. Figure 12(a) corresponds to the
case of injection locking. Note, however, that this does
not necessarily correspond to Aw=0 of the free-running
lasers. In Fig. 12(b) the detuning frequency between both
lasers is increased, and the Fabry-Pérot spectrum shows a
typical spectrum with injection-enhanced relaxation os-
cillations of pump laser LD,. A further increase of the
detuning frequency into the transition regime between
the enhanced relaxation oscillations and the FWM re-
gime causes a period doubling that results in the frequen-
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FIG. 11. Bifurcation diagrams with detuning frequency Aw
(left column, E;; =5X10° cm™>/?) and the injected field ampli-
tude E;,; (right column, Aw=0.0 GHz) as the control parame-
ter, respectively. Plotted are the maxima of the light intensity
occurring in the respective time trace. The locking range is in-
dicated by inj. This figure demonstrates the influence of the €
parameter [(a) €=0 cm?; (b) e=1X10"'"% cm?; (c) e=5X 10718
cm?; (d) e=1X107"7 cm?®). The value of @ is a=4.
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FIG. 12. Experimentally determined series of Fabry-Pérot
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laser LD, and the probe laser LD,: (a) injection locking be-
tween pump laser LD, and probe laser LD, (b) injection-
enhanced relaxation oscillations, (c) period-doubled signal, (d)
four-wave-mixing signal.

cy signal in the middle between the frequencies corre-
sponding to the pump laser LD, and probe laser LD,
[Fig. 12(c)]. However, with a further increase of the de-
tuning frequency, the signal corresponding to the period-
doubled frequency disappears and a ‘“normal” FWM
spectrum is observed [Fig. 12(d)], which consists of the
frequency of the pump laser LD, of the probe laser LD,,
and of the newly generated FWM signal on the right-
hand side of LD,.

These observations may give some preliminary indica-
tion on the occurrence of instabilities via the period-
doubling route to chaos. However, it seems to be neces-
sary to increase the intensity of the injected light up to
much higher values to observe the predicted chaotic
scenarios. On the other hand, it might be that the transi-
tion to chaos will be suppressed because of the high value
of €. However, it should also be pointed out once again
that the numerical simulations have been performed
without inclusion of any noise terms. Noise will cause a
partial destruction of period-doubling sequences, and as a
result, chaos may occur with less period doublings as
theoretically predicted [44]. It has to be considered that
experimentally a simple straightforward path in the com-
plicated phase space of the system is difficult to realize.
Consequently, the fact that a clear transition to chaos has
not been observed so far may not be surprising. Further
investigation of this system is required to give a full
description of the system, especially with respect to the
possibility of the occurrence of instabilities and chaos.

VI. THE SEMICONDUCTOR LASER
WITH EXTERNAL FEEDBACK

The third topic we want to discuss in some detail is the
irregular emission properties of the coupled-cavity
configuration. The dynamics of instabilities in this sys-
tem have been studied by several groups. Glas, Miiller,
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and Wallis [45] as well as Cho and Umeda [46] have
found correlation dimensions of the emitted light intensi-
ty time series that indicate deterministic chaos under
strong feedback conditions. Mukai and Otsuka [47] have
reported the occurrence of subharmonic frequencies in
the light intensity of an external cavity system with a tilt-
ed external mirror. Our group has found an intermittent
generation of a regular oscillation with the tilting angle of
the external cavity mirror as the control parameter [48].
Furthermore, we have found and characterized the ap-
pearance of intermittency in the transition region be-
tween regular and irregular emission behavior under the
variation of injection current [10]. Recently, Mgdrk,
Mark, and Tromborg have analyzed the route to chaos
for the variation of the feedback level [22]. They have
found a complex quasiperiodic transition to chaos. The
appearance of this ultrafast optical chaos is accompanied
by a dramatic increase of the spectral linewidth from
some MHz to several GHz [49,50]. In contrast, for
moderate levels of feedback the linewidth of the laser is
reduced. The increase of the laser linewidth occurs above
a critical value of the feedback level k, which depends on
the length of the external cavity [50,51]. The origin of
this coherence collapse is the occurrence of a bistability
between the state of minimal gain and the state of
minimal linewidth [50,52]. In this section we present ex-
perimental data showing the occurrence of intermittency
in the strong feedback case, and we compare the experi-
mental results with numerical simulations of Egs.
(2.22)—-(2.24) together with Egs. (2.27) and (2.28).

The light power-injection current characteristics (P-I
characteristic) of the solitary laser diode and the external
cavity laser diode are shown in Fig. 13. The P-I charac-
teristic is strictly linear above the laser threshold without
external feedback. With feedback, the threshold current
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FIG. 13. Light power-injection current characteristics (P-I
characteristic) of a semiconductor laser without optical feed-
back (right) and with optical feedback (left). The P-I charac-
teristic with feedback exhibits a kink in the region of the thresh-
old of the solitary laser. The lower inset (a) shows a typical
power spectrum in the regime below the kink (point a). The
upper inset (b) shows a corresponding power spectrum in the re-
gime slightly above the kink (point b). The frequency scale of
the insets ranges from O to 500 MHz, the intensity scale from
—87to —67dBm.
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is reduced by 8%, which is within the regime where the
coherence collapse occurs [51,53]. The P-I characteristic
with external feedback exhibits a kink in the current re-
gime corresponding to the threshold of the solitary laser
diode. The power spectra of the emitted laser light at in-
jection levels below and above the kink are depicted as in-
sets in Fig. 13. The power spectrum for an injection
current below the regime of the kink [inset (a)] exhibits a
double-peak structure in the vicinity of the inverse exter-
nal cavity round-trip time. The frequency f, of the nar-
row, low-frequency peak is determined by the length L of
the external cavity: f,~c/2L (=352 MHz in the
present case). The slightly broader peak, which is shifted
by 36 MHz to higher frequencies with respect to the
round-trip frequency f,, is related to the relaxation oscil-
lations of the solitary laser diode [54]. The upper inset (b)
in Fig. 13 shows a typical power spectrum for an injec-
tion current in the region of the kink (point b). The
width of the peaks in the region of the inverse external
cavity round-trip time has dramatically increased, and a
pronounced low-frequency noise occurs. This behavior is
attributed to the occurrence of the coherence collapse
[55]. Furthermore, it indicates an increase of the degrees
of freedom reflecting the location of the system in phase
space. The emission of the coupled-cavity laser in the re-
gime of the coherence collapse is investigated in more de-
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FIG. 14. Single-shot time traces of the light intensity for a
current value slightly above the kink. (a) Long-time behavior:
The light output shows statistically distributed break down
events. (b) Detailed behavior on a short time scale: The light
output breaks down and relaxes to the equilibrium value. The
weaker, fast oscillation corresponds to the external cavity
round-trip time.
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tail by detecting the fluctuations of the laser light in the
time domain using a transient digitizer. Figure 14 shows
typical wave forms of the laser output for a current value
in the intermediate region (cf. Fig. 13, point b) slightly
above the kink on a long [Fig. 14(a)] and a short time
scale [Fig. 14(b)]. The light intensity exhibits intermit-
tent breakdown events with a characteristic statistical
distribution and subsequent relaxation oscillations
(Trelax =40 ns) to the equilibrium value. The frequency of
the fast oscillating component (7,~2.8 ns) in Fig. 14(b)
corresponds to the external cavity round-trip frequency
f.- In this transition region between regularity (cf. Fig.
13, point a) and chaos (point ¢), the low-frequency noise
is Fourier correlated to the rate of breakdown events.
Recently, we have characterized this intermittent behav-
ior as a time-inverted type-II intermittency by the statist-
ical behavior of the breakdown events and by recon-
structing a Poincaré plot [10]. Now, we want to compare
the experimental behavior with numerical simulations of
Egs. (2.22)-(2.24) together with (2.27) and (2.28), in or-
der to demonstrate that controlled chaotic behavior of a
semiconductor laser is easily achieved with simple exter-
nal control parameter variations that cause an increase in
the degrees of freedom up to more than two. The param-
eters of Egs. (2.22)—(2.24) and (2.27) and (2.28) (such as
Gy, I'g, and ¥) have been determined carefully by com-
parison of the stable solutions of Egs. (2.22)-(2.24),
(2.27), and (2.28) with the corresponding experimental
data. In order to compare the numerical results for the
time series of the emitted light intensity qualitatively with
the experimentally obtained results, we have taken into
account the finite bandwidth of our experimental equip-
ment. For this reason, the simulated time series have
been smoothed by a 1.5-ns time window. Figure 15
represents a typical simulated time evolution at the be-
ginning of the unstable parameter region of the external
cavity laser (cf. Fig. 13, point b). The calculated behavior
of the light output exhibits irregular breakdown events of
the light intensity and subsequent relaxation processes
that are very similar to the experimentally determined
temporal fluctuations of the light intensity (Fig. 14). For
these operation conditions, realistic values of the gain sat-
uration parameter € [43] do not change the principle tem-
poral behavior of the system. In order to continue the
comparison between theory and experiment, we have cal-
culated the power spectrum of the data corresponding to
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FIG. 15. Simulated time evolution of the light intensity un-
der external feedback conditions according to Egs. (2.22)—(2.26).

1903
10
@ (a)
<
]
o
|
8
>
—
~
wn
=
B
=
= 0 . . ,
0.0 0.5 1.0 1.5 2.0
FREQUENCY (GHz)
-40
= -50
om
S
. -60}
~
@
2 -70
w
—~
g -so}
-90 . : .
0.0 0.5 1.0 1.5 2.0

FREQUENCY (GHz)

FIG. 16. (a) Power spectrum calculated from the simulated
time evolution of the light intensity; (b) measured power spec-
trum of the light intensity fluctuations under external feedback
conditions.

Fig. 15, which is shown in Fig. 16(a). Figure 16(b) de-
picts the corresponding experimental power spectrum.
Both Fig. 16(a) and 16(b) show the typical broad spectra
at the beat frequencies of the longitudinal external cavity
modes and the low-frequency noise, which we have as-
signed to be characteristic for the occurrence of the
coherence collapse.

To conclude this section we want to recall the discus-
sions of Sec. II. We realize that the model describing the
semiconductor laser in a feedback system incorporates an
infinite number of degrees of freedom due to the delay
term in Eqgs. (2.22)-(2.24) together with (2.27) and
(2.28). Therefore, instabilities and transitions to chaos
have been found to be possible due to the dimensionality
of this system.

VII. CONCLUSIONS AND SUMMARY

We have discussed and investigated different
configurations based on semiconductor lasers, which—
within certain regimes for the control parameter—show
output instabilities and possible transitions to chaos. In
particular we have considered (a) periodic modulation of
the injection current, (b) external coherent light injection,
and (c) the coupled-cavity semiconductor laser. The sys-
tem (a) shows frequency locking and quasiperiodicity in
accordance with the general features predicted by the
one-dimensional circle map. Yet, a transition to chaos
has not been observed so far, most likely due to experi-
mental limitations. For case (b) we predict a period-
doubling route to chaos, and finally, for the configuration
(c) we observe a time-inverted type-II intermittency. The
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experimental studies give preliminary indication for the
correctness of the predictions. Apart from their applied
relevance, our investigations demonstrate that at least
some of the universal features of the dynamics of non-
linear systems can be conveniently studied with semicon-
ductor lasers. In this respect, the specific properties of
semiconductor lasers are not relevant. In other cases,
however, e.g., for external coherent light injection, the
specific properties of the semiconductor laser (high a pa-
rameter, high € parameter) are of particular significance.
Thus, the semiconductor-laser-based study of nonlinear
dynamics combines aspects of material science and fun-
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damental semiconductor physics with quantum optics
and nonlinear dynamics. This is one of the reasons why
we consider this area of research so exciting and promis-
ing for the future.
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